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The target combinatorial object

Definition
A d-bounded k-composition of n is a sequence (ai, ..., ax) with
>;ai = n and each part a; € {0,...,d}.

We write Cy4(n, k) for this set, with size

Co(n k) = <] (1) [Moi30]
= Slo(=1/(H (D [And7g]

Used across cryptography: hash-based [KKW25], sum-preserving
encryption [MY22], code-based [Kra+23].

In each case the task reduces to (un)ranking a composition.
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Combinatorial (un)ranking

Definition

Let S be a finite set, N = |S|. A ranking function is a bijection
R : S — [N] that defines a total order <o,y on S. The unranking
function is its inverse U = R™1.

Used for uniform sampling: draw [lg N'| random bits and evaluate U
(a bijection maps the uniform law to the uniform law).

And for lossless compression: R packs a structured message into a
minimal index, reducing transmission overhead.

However, algorithms are frequently rediscovered [Per+21; HK24;
MY22], each tailored to a particular order, and with its own
correctness proof.
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Existing orders and their algorithms

The design of an (un)ranking algorithm is dictated by the total order
<ord Chosen on the combinatorial class. The literature offers several:

m Jex and colex (<colex), aligned with Pascal’s identity [Knull];
m a reflected Gray order (<gray) [VV11; Arnll];
m the recursive block order (<,,) [RR02; MY22];
m the boustrophedonic order (<pous) [FZC94; MMO1].
We depict these by enumerating C4(6,5), which gives 185 elements.

Each column is one composition: a part of value v is v black cells,
and consecutive parts are separated by a gray cell.
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Visualizing distinct orders

A regular “staircase” pattern appears in <colex [Knull].

A more disconnected pattern is the result of <pous [FZC94; MMO1].
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Our approach: fix the object, vary the strategy

Order choice significantly impacts performance and storage [MMO01],
yet alternatives remain underexplored.

We propose a unified treatment of these algorithms, and use it to
derive a new order suited to cryptographic (uniform random) inputs.

Prior frameworks [MMO01; Mol05] fix the order and derive an
algorithm for a generic class.

We take the complementary route: we fix the class (bounded
compositions) and treat the order, or strategy, as a parameter.
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Components of a strategy

A strategy is a tuple ¥ = (D, P, S) with decomposition, path and
split functions.

The D function shapes the recursion given the number of parts. For
instance, D,(k) = (k —1,1) and Ds(k) = (| 5], [4]).

The P function decides the order in which to visit the sub-sums
w; € [n]. For instance, Pinc(n, ki, kr) = (w1, wa, ..., wy) and
Pae(n, ki, ke) = (Wi, Wi, wa, Wim—1,...) for m € [n+1].

The S function splits a rank into sub-ranks. For instance,
SO (r) = (0,r) and S (r) = (|£] (mod u), r (mod v)).
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Classical algorithms as instances of the framework

In the constructive language of [Arnl1], we can express, for
(ki, kr) = D(k), the generic sequence as

Zy(n, k) = Duwecp(nkk) (Zd(le ki) ©s Za(n — wi, k,)).
Here, P fixes the order of the blocks concatenated by the operator
@, and S fixes the order of the pairs joined by ®.

We give generic, recursive ranking and unranking algorithms (resp.
Ry and Ux), and implement them in C and Lean.

We are able to express known orders from the literature, such as
2 colex = (Dn Pinc, Sid) and X pous = (D57 Pait, Sdiv)-
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Correctness of the generic algorithms

Theorem
For any strategy ¥, Ry and Uy are mutual inverses.

Proof (sketch).

By strong induction. The framework and several strategy instances
are mechanized in Lean 4 [MU21]. O

Consequently, the correctness of algorithms tied to particular orders
follows as a corollary of our result.

We can also more easily reason about a pre-computed table Y comp Of
counts €4(n, k), which increases the performance of the algorithms.
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Decomposition controls storage

The entry (7)) of Xcomb is €4(j, 1), for 0 < i< k and 0 <j < n,
and the choice of D decides which rows the recursion reads.

A “linear” decomposition such as D, solves subproblems of every
size, SO Xcomb Must be stored in full.

A “balanced” decomposition such as Ds, in contrast, requires only
the iterated halving set H(k) = Ug kJ{szj [2%]} with H(1) =

We also give a closed-form formula for |H(k)| and show how it
approximates Ig k.

G. Zambonin (gustavo.zambonin@posgrad.ufsc.br) Combinatorial ranking for integer compositions 9/16



Path enables search optimizations

When P is monotonic, unranking reduces to a search over a sorted
sequence of partial sums

A(n',i,d) = (0, €y(n', i), ..., S D ey(n = j,0)).

We characterize 2 ad hoc optimizations as properties of this search.

The bisect technique is a binary search over A in Ig d steps. We
show it is cheaper than computing terms of A directly via [Per+21].

The partial sum technique derives each count from the previous one
by an exact ratio, reducing the number of binomial sums evaluated.
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The “spiral” order for cryptographic applications

In this setting, the input to Uy is usually uniform random, so we
exploit the structure of the resulting composition.

By the Gaussian limit law for coefficients of powers of
polynomials [FS09, §VIII], €4(n, k) is asymptotically normal [Rat08].

Consequently, the partial sums S; in the unranking path concentrate
around their mean.

We give closed-form formulas for E[S;] and Var(5;) and a new
strategy Yopiral = (D, Ps, Sig) based on this fact.
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The “spiral” order and a balanced variant

We center P on the expected next part = ”7/ for i parts summing
to n’, and visit outward, i.e.,

PSZ(M7/J’+17:U’_17,U’+27M_2a)m[d]

Continuing the previous example, the pattern below is the result of
enumerating C4(6,5) with <gpiral.
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Practical considerations

Through this new strategy, we reduce storage requirements of Xcomb
by storing only the high-probability band of elements.

We write Xcomb-o for the new table, where o denotes a number of
standard deviations.

We provide a portable C library to test several parameters,
strategies, techniques, and tabling mechanisms.

Empirically, xcomb accelerates every strategy by about 100x, and
Xcomb-4 halves storage for a 5% performance penalty.
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Practical considerations (cont.)

Other tabling mechanisms, such as storing all A(rn',i,d) or only
binomial coefficients, are in general not as effective.

Without a pre-computed table, D decides the performance. For
small k, the partial sum technique over <ojex is very efficient.

The performance of <gpiral is slightly better than <jex, depending
on the choice of n, k, d.

The C library is designed to allow expressive experiments on
performance, storage access patterns, new orders and techniques.
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Conclusion & next steps

We give a single algebraic definition ¥ = (D, P, S) that unifies
(un)ranking algorithms for bounded compositions. We obtain

m classical orders and proofs recovered under one induction;
m structural characterization of ad hoc tricks;
m a new “spiral” order exploiting uniform inputs.

We expect to continue the characterization of further orders and
techniques under this framework.

We are also working on the design of constant-time (un)ranking
algorithms for cryptography.
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